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Solution in Seiyo Sanpo (Fujita)l

(1) Multiply middle and small diameters, take root, name it

Ten
Ten = /2ry X 2r3 = 2,/r273

(2) Add all 3 diameters, multiply by large, take root, name it
Chi

Cht = \/(27‘1 + 27r, + 2’)"3) X 2ry = 2\/7’1(7“1 + rs + Tg)

(3) Multiply large by Ten, divide by (Chi - large) to get full
diameter

_ 2rfiXTen
2T = Chicar

(4) Substitute (1) and (2) into Ten and Chi of (3) and simplify

20 — 271 X 2,/T273 . 2r1+/T2T3
2y/r1(ri+rz+rs)—2r1 Vri(ritra+rs)—r1

B[R] = = [[e) =2
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Derivation in SanpoTenzanTebikigusa

D,, D,,, D,: Diameters of 3 circles

(1) Definition of variables
Ne = +/D;- D,,Ushi = v/D,, - D,
Ne + Ushi = U(, Tatsu, M1)

(2) Construction of relations (Equation setup)
Write direct product on left

Eliminate direct product/solve”
(3) Elimination and derivation of algorithm

(4) Multiply middle and small diameters,take root(Rin)

Rin = /D, - D,, Ho = \/(D, + D,, + D,) - D,
_ Rin-D,

- Ho-D, (e[te] < [ > [ot]ot] 22
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What is KgT'Cind

e Macro package for D

e Interactively create 'l
(1) Create source cc KeTCindy Home

KeTCindy Center

(2) Execute TEXVia 2026-08-19
(3) Call Maxima (C
Bfi=a—2
e Distribution of KRT'C :wses womsmrensuswenss

o ketslidet lualatexidiiiic s D & Uco
o KeTCindy®1 YA h—/LEBEI LT LEW,

. Search for n ket C in M:Eoﬁ;TeleeﬁeX‘TEXLwe)tR
LES))]

FORETT,
° KeTTeX (CTeXLi . - EHENE UL (build2136)

TTRTOI-FEH LTI VA=)l BBRLTIEE W, (VR M—L%EH
o Cinderella®-f ¥ 2 h—LEBEL LTSV,

S t d t f J o RIEFIZ beta cinderella & LT S W,
. q
u en S I'O m u * 2026-05-19 KeTTeX ' Te 20260313 [CEH S & LI
o Tkettex F/ckt Tkettex release; TREFRL TS,

Created a batch in: o KeTTeX(D1 ¥ & h—JL / TF1 & I8 TeXWorks )

* Windowsf] —f&1 ¥ X h—3 (BRMEW PEMFR)
o Cinderelia, R, Sumatra, KeTTeX, KeTCindy H*—f£¢1 Y2 h—LEh&E T,
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Wasan and Solution by Maxima

e Wasan geometry are interesting teaching ma-
terials. Solving them hands-on will increase
interest and engagement

e Solving directly requires insight and consider-
able calculation skills

e Using CAS, high school level geometry knowl-
edge is sufficient

e Even with CAS, it is often not easy to solve
- Calculations involving radicals usually fail
e Thus, we devised the mnr method to express

triangles using m = tan %, n = tan %, and in-

radius r. )] < ] & |el]el] /s
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The mnr Method 'a
om:tang,n:tan% //1 .
r = inradius 5 r .
/B = (m), /C = (n) 0 n

e Expressions of triangle properties (Rational
expressions)

vtxL:(—=, —7r), vtxR: (>, —1), vth:(T("_m) 1+mn

1-mn > 1—-mn

edgB:~ + -, edgL= 7'(1"'—”‘2)), edgR: r(14n?)

m(l—mn n(l—mn)
Incircle inC, inR, Circumcircle cirC, cirR
Excircles exCa, exRa, exCb, exRb, exCc,exRc

e Created Maxima library for the mnr method

([te] < [ > [ot]ot] 72
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Main Commands of mnr Method

e Basic commands
putT(m,n,r) Place triangle with incenter at origin
slideT (p1,p2) Translate so that pl matches p2
rotateT(m,p) Rotate by 2tan~!(m) around p

e Main commands for formula manipulation
numerf(f),denomf(f) Factorize num and denom
frfactor(f) Simplify fraction
frev(eq,rep) Substitute rep into eq and simplify

radcan(sBimplify irrational expressions(Maxima)

([te] < [ > [ot]ot] 22
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Main Commands for Geometry

e Angle conversions
supA (m),comA (m) Supple./comple. angles
plusA(ml,m2),minusA(ml,m2) Sum/diff. of angles
timesA (nn,m) Integer multiples of angles

e Others
dotProd(v1,v2),crossProd(v1,v2) Inner/outer prod
lenSeg2(p1,p2) Square of distance
meetLine(ptsl,pts2) Intersection point

comTanl,comTan1C Common outer/inner tangent
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Solution by KeTCindy 1|

(1) Prepare Cinderella (cdy) file and mkcmd file

e.g., malfattiin.cdy, malfattiinmkcmd.txt

(2) Use template file for cdy (import mkcmd.txt)
© 20 @ Cidyscint @ Wﬂ{

Ketinit();
Setwindow( [-7,5], [-5,5]); Addax(@);
Pos=NE.xy+[0.5,-0.5]; Dy=1;
Slider("M", [0.000,-5.2], [4,-5.2]);
Slider("N", [0.000,-5.71,[4,-5.71);
Text2.xy=[1,-71;
mv=M.x/4; nv=N.x/4;
Subsedit(2,"mv="+Sprintf(mv,2)

+, nv="+Sprintf(nv,2));
10 if(contains(Ch,1),Execstepl());
11 if(contains(Ch,2),Execstep2());
12 if(contains(Ch,3),Execstep3());
13 Windispg();

Figure Parent Ketjson Ketjsoff ParaF Anime |Flip il 12 3 45 figure:
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mv=0.54,nv=0.64]
Ketjava 20181125

2l S AR D @ | [l o ;ﬁ ketcindylibbasic1[20230813] loaded
e ketcindylibbasic2[20260215] loaded

Screen of malfattiin.cdy figures slot
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Solution by KeTCindy 2

(3) Description in mkcmd 2
Disptex(Pos,Dy,"ABCE &< ",0psh);

Disptex([Pos_1-0.5,Pos_2],Dy, "3HD¥&E" ,0psb);
Disptex([Pos_1+@.5,Pos_2],Dy*@.9,"rl::r2::r3",opsf);

s

(fte] < [ > [ot]ot] 22




0911-13/22

Solution from Inside (Strategy)

(1) Place ABC using putT(m,n,r)

(2) Create 3 mutually tangent circles C1,C2,C3
centered at A,B,C

(3) Create common outer tangents using comTan

(4) Find intersections D,E,F of common outer tan-
gents X

(5) Create incircle of DEF
(6) Find the inradius

\H<\l< H < [ o [et]o]) o5
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Solution from Inside (Result)

IVRE RS Y7L TEEEREDHT
Figure Parent Ketjson Ketjsoff ParaF Anime |Flip: 0 1/ 2Bl 4/ 5| 6/ 7,8 9
NE
°

m,n,r,iRzrl,r2,r3cxRY

sol:[[m= L,n:rl/((r}nz-ﬂl) L),mi
b r2r3+r22+rlr2 ./ 120341224112 (13402411
m: yriyr3
Vr2y/r3+r2+r1
n: irlirz
ri(y/rT14/r2y/r3)/4/r3%r2+r1

. Vr2(2r1r2%+4r12r2+2r13)r3°+(7r1r23 +12r1%r22+3r1%r2-2r19r3°+(7r:

tl=1/rL,2=1/r2,t3=1/r3 L BEMHX

iRs_x1:2x33+,/:32+r22+r12(t1t2r32+t1t22r3)+:12t2t32+«1x23+x12x22):3
2t31/t32 4122+ t12+ 1132+ t11t2t3 + 11122
t1E2t3(t32 +t1t3+1t3+ 122+ t1t2+1t2)
163211623+ 1213 +11t22

» t=1/t12+12°+ 132 BENFEBELT 3

¢
p— —
N niRit1t2t33 +t12t2t32 +tt1t2t3% +t1t2313 + 1121223+t 1t2%t3

&
niR2:—(2t1%622t32(t2t3-t1t3-t1t2)(t32 +12%)

mv=0.51,nv=0.56]  pp. (1263312 4t1-023-t13—t1e2)(32+22)

L 2tir3
Tt3+t2+t1-t

iRs2
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Solution from Inside (Discussion)

B 2\/FiTaTs
VTt T2t T3 — T T T2 F T3
e Different from the solution in Seiyo Sanpo
(1781) 94, — 211 X24/T2T3 _ 2r1y/T2T3
2\/r1(r1+r2+r3)—2r1 \/rl(rl—l—rz—i-r;;)—rl
e Also different from the solution in Sanpo Ten-
zan Tebikigusa (1841)

e Unknown if the error was known early, de-
bated, or corrected later

e Myojorinji Sangaku (1865) correct formula

e Sacred Mathematics (2008) also has the cor-
rect formula

orT

[fte] 2 ] > [=]ot1] ose
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Myojorinji Sangaku

Q As shown, there are 3 circles and a
Green circle (incircle) inside the trian-
gle. Given the diameters of the 3 cir-
cles, what is the calculation method to

find the diameter of the Green circle? g x nit)
A Find the square root of the sum of the b ¥ é L % & g E E
diameters of the 3 circles, call it Ten’ fﬁg %‘ = % g %} B oa
(Heaven).Subtract ’Ten’ from the sum 3 Il h n m 8 S
of the square roots of the diameters of g ? ?j ?é % ﬁi gﬁj E %
the 3 circles, call the remainder ’Jin’ i g % E £ H w E ?
(Human). Multiply the diameters of the ; EAEEE E%
3 circles, take the square root, multiply X mE&Aa W ia

by 2, and divide by ’Jin’ to get the di-

ameter of the Green circle.
e Let the diameters of the 3 circles and incircle be d;,d2,ds, D
Ten = v/di + dz + ds, Jin = /di + Vdz + /ds — Ten
D— 2Vdidads _ 2v/dyd2d3
Jin Vdi 4+ Vdy +d3 — vdi +d2 + ds
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Solution from Outside (Strategy)

(1) Place ABC using putT(m,n,r), and let the in-
radius be r

(2) Let r1,72, 73 be radii of incircles C;,Cs, C3 of
AHJ,DBE.,FGC similar to ABC

(3) Solve the system of
equations derived from

mutually tangent con-
ditions of C,, Csy, C3

Demo malfattiout.cdy

4 (nk)\\
> ¢

(i) 2 ] > [o]ot] a4
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Solution from Outside (Result)

NE
)

MEROFEEZEL

(N DMN-Dr

(M+1)(MN-N-M-1)

r2: (M+1)(MN-1)r

(N+1)(MN-N-M-1)

r3: (M+1)(N+1)(MN—-N—-M—-1)r
4(MN-1)

Eg@itl= ‘/S_,t2= VS_2,t1= ‘/g,

sol3:[[M=(2t2t3—r)/r,N=(2t1t3—r)/r]]

eq5:t1(2t1%t22t32-2rt1t2t32-2rt1t22t3 - 2rt12t2t3 +r2t2t3+

SW
¢
‘Ms
L 4 2 2 2_ 2. 2y_¢12
s solS:[r=—(t1t2t3 t3°+t2°+t1°—t1t2t3°+(—(t1t2°)-t1°t2)t3
hd (t2+t1)t3+tlt2
16213 /13241224112 +1162t32 + (1122 +t1262)t3
= = sol:r=
m 0'72’n 045 (t2+t1)t3+t1t2

[ 1e2t3( 13241224112 +13+12+t1)
’ t2t3+t1t3+t1t2




0911-19/22

Solution from Outside (Discussion) I

e Matches the solution of Myojorinji

(. 11t2t3( 1324122 +112+t3+12+t1)
t2t3+t1t3+t1t2

e Quarter angles play an important role

(N+1)(MN—1)r
"(M+1)(MN=N-M-1)
 (M+1)(MN-D)r
"(N+1)(MN-N-M-1)
(M+1)(N+1)(MN-N—-M—1)r
’ 4(MN-1)

r3

B[R] = = T[] =2
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Seitz’s Derivation Formulal

Subtracting z times (6) from (8), and y times (7) from (9), we have

b[ztan} B+ 2y/(2y) + ycotd B] = c[ztan {C+2y/(2z) +-zcot{C).............. (10),
a[zcot §A 4-2v/(zy)+ytan §A] = c[ytan §C+ 2/ (y2)+zcot§C)............ .. (11).
Mul.iplying (10) by (4), and (11) by (5), and extracting the square root, we huve
Vzsin §B+/ycoeiB = yzsinjC+v/20084C.........cceinnnn s (13),
VzcosjA +VysinjA = yysin§C+y/ecos§C....................... (18).

Subtracting (13) from (12), we find

vy slniC+cosiA—sln‘B co8}C+-cos}(2B+-C) _ cosjBeosi(x—A) _ 14-tan}A n
Vz~ sinjC—sinjAfcos4B ~ cos}C+cos}(3A+C)~ cosjAcos}(x—B) ~ 1+4taniB ™" (14
14-tan}A

= (T+tan}A)(tan}A +tan}B)(I —tan}Atan}B)(14tan}(A + B))’

= ceinjAsinB(l4tanyB) = r(l+taniB)
= sinj(A+B)(1+tan}A)[14tanj(x—C)]' ~ (I+tan}A)[1+taaj(x—C))’

_ ir(1+taniB)(1+tan}0)
"14taniA

the value of z in (14) and (15), we find

y = PttaniAxittanic) . jr(14-tanjA)1+taniB)
14taniB “14tan’C
An excellent solution was furnished by William Hoover, and a very brief one by Professor Casey. We hope to publish [>| |>|| 3/3

other solutious in a future No.
This celebrated problem has a history, and is known to mathematicians as ‘‘Malfatti’s Problem."
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Equivalence with Seitz’s Formula

o Let L = tan(A/4) 1 (N+1)(MN-1)r
(M+1)(MN—N—M—1)

—tan(B C
L =tan(x/4 — B/4 — C/4) = ‘TnlB/a+0/4
1 M+N

_ ~~"i—m~N _ 1-MIN-M-N
T+ M T 1I-MN+M+N
— 1-MN-M-N __ 1-MN

1+ L =1+ 1-MN+M+N — 21—MN+M+N
1+L _ 1-MN

2 ~ 1-MN+M+N
g1 — 't — (N4+1)(MN-1) _ (4+N)(1+L)

— r = (M+1)(MN-N-M-1) —  2(1+M)
e Therefore y — ir(l+tanjA)1+taniC)

1 — (1+tan C/4)(1+tan A/4) 1+4taniB

sl = 2(1+tan B/4)

[efte] 2 ] > [o]otl] a4
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Conclusion

e Future Work

- Expansion and refinement of the mnr method
to handle more complex Sangaku problems
(e.g., quarter angles)

- Development of manuals and error-checking
functions to ensure beginners can reliably per-
form interactive solving



